The classical Weyl formula expresses the leading term of the asymptotics of the counting function N(, H) of the spectrum of a self-adjoint operator H in an invariant form: one can ''hear'' the volume of the subset of the cotangent bundle where the symbol of the operator H is less than . In particular, it is applicable to Schrö dinger operators with electric potentials growing at infinity. The Weyl formula is formulated in an invariant form; however, it gives ؉ؕ for magnetic Schrö dinger operators with magnetic tensors growing at infinity. For these operators, Colin de Verdiè re's formula is known, but the form of the latter is not invariant. In this article, we suggest an invariant generalization of both Weyl's and Colin de Verdiè re's formulas for wide classes of Schrö dinger operators with polynomial electric and magnetic fields. The construction is based on the orbit method due to Kirillov, and it allows one to hear the geometry of coadjoint orbits.
be a Schrödinger operator in ‫ޒ‬ n with a real continuous semibounded electric potential V and magnetic potential a(x) ϭ (a 1 (x), . . . , a n (x)) ʦ C 2 ‫ޒ(‬ n , ‫ޒ‬ n ). The operator H admits a unique realization as a self-adjoint operator in L r ‫ޒ(‬ n ), with the domain containing C 0 ϱ ‫ޒ(‬ n ) (see ref. 1 and references therein). If the electric potential V grows regularly at infinity, it is well known that the spectrum of H(0) ϩ V is discrete, and the counting function of the spectrum obeys the classical Weyl formula where ͉v n ͉ is the volume of the unit ball of ‫ޒ‬ n and a ϩ ϭ max {0, a} (e.g., refs. 2 and 3). The classical Weyl formula is applicable to many classes of operators and, in its initial form, was related to the (Dirichlet or Neumann) Laplacian on a bounded domain ⍀, with symbol a(x, ). For the Laplacian, Eq. 1.3 is valid with V(x) ϭ 0 and the integration over ‫ޒ‬ n replaced by integration over ⍀; hence, 1.3 allows one ''to hear the area of the drum.'' If more information about the spectrum is available, then one can ''hear'' much more about the geometry of a ''drum'' (see refs. 4 and 5).
Refs. 6-10 show that the spectrum of H(0) ϩ V can be discrete even if V does not grow in some directions, and for wide classes of degenerate potentials, the leading term of the asymptotics of N(, H(a) ϩ V) is computed. The results of these articles agree with the general ''uncertainty principle'' stated in ref. 11 ; it seems that this principle provides upper and lower bounds, but it is difficult to use it to study spectral asymptotics. Note that, in many cases, asymptotic formulas are nonclassical in the sense that they do not agree with the ''classical'' formula (Eq. 1.2). The following three cases are possible: the classical Weyl formula holds (the so-called ''weak degeneration case''); an analog of the classical Weyl formula with the operator-valued symbol parameterized by points of a set with a measure inherited from T*‫ޒ‬ n is valid (''strong degeneration case''); and the classical Weyl formula fails, but the leading term of the asymptotics is expressed in terms of an auxiliary scalar function and no operator-valued symbol is involved (''intermediate degeneration case''). In simple strong degeneration cases, an operatorvalued symbol is parameterized by the cotangent bundle over a manifold of degeneration of V, called M, and the operator-valued analog of 1.2 is of the following form:
where r ϭ codimM, and for each (xЈ, Ј) ʦ T*M, a(xЈ, Ј) is an operator in L 2 ‫ޒ(‬ r ). Similar types of asymptotic formulas hold for many other classes of differential operators, pseudodifferential operators, and boundary value problems (see refs. 9 and 12-14 and references therein).
Colin de Verdiè re's Formula.
If V ϭ 0 and the magnetic tensor
, grows regularly at infinity, the leading term of the asymptotics was obtained in ref. 15 :
where v B () is defined as follows. Let rank B ϭ 2r, and let
Note that B, r, and the b j 's values depend on x. However, in the case of a Schrödinger operator with polynomial potentials, there is a dense open subset of ‫ޒ‬ n of full measure on which B(x) has maximal rank, so one can replace the integral in 1.5 by the integral over this subset. Then, r will remain constant throughout the integration. In the case B 0 not growing in some directions, the leading term of the asymptotics is unknown apart from a special case of Schrödinger operator (and Dirac operator) in 2D with homogeneous potentials (14) .
Note the difference among formulas 1.2, 1.4, and 1.5: the first two are written in an invariant form, whereas the last one is similar to 1.3, which is a realization of the invariant formula 1.2. This observation suggests that there should be an invariant formula of which 1.5 is a realization. Moreover, one should expect that there is a general formula, with 1.2, 1.4, and 1.5 as special cases, and that this formula should work in some cases of degenerate potentials. The following observations indicate the direction where one should look for such a formula. By the ''tautological representation'' of g H , we mean the representation of g H on L 2 ‫ޒ(‬ n ) by (unbounded) skew-adjoint operators that takes every element of g H to the polynomial differential operator that it represents. Note that, unlike the case of finite dimensional representations, the problem of lifting the tautological representation to a unitary representation of the connected and simply connected nilpotent Lie group G ϭ exp g H is not trivial. We address this issue in the theorem below.
From a more abstract point of view, let g be an arbitrary finite dimensional nilpotent Lie algebra over ‫ޒ‬ such that [g, g] is abelian. At ''sublaplacian'' for g is an element HЊ ʦ U(g) ‫ރ‬ , which has the form HЊ ϭ Ϫ(
. . , L N ʦ g are linearly independent elements that generate g as a Lie algebra, and L 0 commutes with [g, g] . Note that we have extended the standard definition of a sublaplacian (which does not contain the L 0 term) to include the case of a Schröd-inger operator with nonzero electric potential. Then, we have the following result. It is important to have a concrete realization of each of the representations of g that arises from a unitary irreducible representation of G. These realizations will be discussed in detail in section 3.4.
Interpretation of Weyl and Colin de Verdiè re's Formulas.
Assume that (H) ϭ d (H), so is irreducible. The orbit method, due to Kirillov (17), provides a natural one-to-one correspondence between (unitary equivalence classes of) unitary irreducible representations of G and orbits of the coadjoint action of G on g*. In particular, we let ⍀ ʚ g* denote the coadjoint orbit corresponding to . Suppose that the magnetic potential a ϭ 0, and that V(x) grows regularly at infinity. The values of the symbol a(x, ) appearing in the classical Weyl formula (1.2) can be interpreted as the images of HЊ in a family of representations of G on the 1D space L 2 ‫ޒ(‬ 0 ). The family is parameterized by points of the orbit ⍀ , and the measure (2) Ϫn dxd coincides with the canonical (Kostant) measure on ⍀ .
However, assume that V ϭ 0 and the magnetic tensor B(x) grows regularly at infinity. It is shown in ref. 18 that the formula of Colin de Verdière 1.5 can be written in the following form:
where H ⌰ is the image of HЊ in a certain unitary irreducible representation of G on L 2 ‫ޒ(‬ r ), Q is a manifold parameterizing a family of such representations, and the measure d(⌰) can be obtained in the following way. Let Q ʚ g* be the union of the orbits corresponding to the representations parameterized by the points of Q. There is a natural ''projection map'' p : ⍀ 3 Q , such that the pushforward of the canonical measure on ⍀ is a G-invariant measure on Q . One can decompose as an integral of the canonical measures on the orbits contained in Q , with respect to a certain ''quotient'' measure on Q ϭ Q ͞G. Then, we take to be this quotient measure.
Let us explain the case n ϭ 2 in detail. The magnetic tensor must be of the following form:
where b(x) is a polynomial, and because B(x) grows regularly at infinity, we may assume without loss of generality that b(x) Ͼ 0 for ʈxʈ Ͼ Ͼ 0. Note that the eigenvalues of ͌ Ϫ1⅐B(x) are Ϯb(x).
The Lie algebra g is generated by the operators
. Let us write P 0 ϭ ͌ Ϫ1⅐b(x), and let P 1 , . . . , P N be an arbitrary basis of the vector space spanned by all mixed partial derivatives of P 0 of all positive orders (i.e., not including P 0 ). Thus, {L 1 , L 2 , P 0 , P 1 , . . . , P N } is a basis of g. We can now define a projection map p :
We will now show that if Q is taken to be the image of this map, then Q is G-stable, and the pushforward measure ϭ p * ( ) is G-invariant (where is the Kostant measure on the orbit ⍀ ). Moreover, if Q ϭ Q ͞G and is the measure on Q induced by , then the right side of 2.1 coincides with the right side of Colin de Verdière's formula.
It follows from Proposition 3.6 and Proposition 3.7 that the orbit ⍀ admits a parameterization : ‫ޒ‬ 4 3 g* given by
and
Moreover, we have ϭ (2) Ϫ2 ⅐ * (ddy), where ddy denotes the Lebesgue measure on ‫ޒ‬ 4 . Let a denote the subspace of g spanned by P 1 , . . . , P N ; it is clearly an ideal of g. By definition, the image of the map p is contained in the annihilator of this ideal in g*, which we can identify with (g͞a)*. Now, g͞a has basis {X, Y, Z}, where X, Y, and Z are the images of L 1 , L 2 , and P 0 under the quotient map g 3 g͞a. They satisfy the relations [ Ϫ1 c Ϫ1 ⅐dudv. Consequently, the pushforward measure can be decomposed as an integral of the Kostant measures c in the following way:
where is the measure on ‫ޒ‬ obtained as the pushforward of the measure (2) Ϫ1 b(y)dy by the map b : ‫ޒ‬ 2 3 ‫.ޒ‬ [A fortiori, this formula implies that is G-invariant. Note also that we have ignored the plane f(Z) ϭ 0 in the computation above, which can be done because it has measure zero with respect to .] Last, the representation of g͞a corresponding to the orbit f(Z) ϭ c can be realized in the space L 2 ‫)ޒ(‬ such that X ‫ۋ‬ Ѩ͞Ѩx and Y ‫ۋ‬ ͌ Ϫ1⅐cx. Under this representation, the sublaplacian Ϫ(X 2 ϩ Y 2 ) maps to the operator Ϫ⌬ x ϩ c 2 x 2 , whose spectrum can be computed explicitly; it consists of eigenvalues of the form (2m ϩ 1)c, each having multiplicity 1, where m runs over all nonnegative integers. We now have all the ingredients that are needed to make sense of the right side of 2.1, and we see that it becomes
which coincides with the right side of Colin de Verdière's formula. The classical Weyl formula also can be written in the form 2.1, with Q parameterizing a family of 1D representations (in this case, Q ϭ Q , so one does not need to decompose the pushforward measure).
Main Results and Conjectures 3.1. Generalizations: The Main Idea.
It is tempting to conjecture that for any magnetic Schrödinger operator with discrete spectrum one can find a family of irreducible representations of G and the pushforward measure d(⌰) on Q such that 2.1 holds. As it turns out, this construction can be realized in many, albeit not all, cases, and our first goal is to suggest a general way of construction of the Let us keep the same notation as described above and write ⍀ for the canonical (Kostant) measure on the orbit ⍀ . In trying to turn the vague ideas above into a precise formula that applies to wide classes of the Schrödinger operators, one meets two considerable difficulties. The first difficulty is the fact that there seems to be no natural general way of defining a projection map p : ⍀ 3 Q ʚ g*, such that the pushforward p * ( ⍀ ) will always be a G-invariant measure. The second difficulty, which is more serious, is that in the intermediate degeneration cases, there exists an asymptotic formula of the form 2.1 (with additional logarithmic factors), but the measure cannot be obtained from a pushforward measure arising from a process described above.
Thus, one has to look for a different construction of the subset Q ʚ g* and the G-invariant measure on Q . We suggest a construction which has the advantage of being canonical (i.e., independent of any choices). Moreover, the measure that it provides is automatically G-invariant. Thus, both problems mentioned above are solved at once. To our knowledge, no similar construction has been used previously in this or any related context.
Let us give a brief description of our idea. For each Ͼ 0, we let ϭ ,⍀ denote the positive Borel measure on g* defined by (A) ϭ ⍀ (⍀ പ ⅐A) for every Borel subset A ʚ g*. Note that is supported on Ϫ1 ⅐ ⍀ , which is another coadjoint orbit in g*. Now, ⍀ is closed in g*, and there is a coordinate system on ⍀ , which identifies ⍀ with ‫ޒ‬ 2n , such that ⍀ corresponds to the usual Lebesgue measure under this identification (both of these statements hold for arbitrary nilpotent Lie algebras). In particular, we see that each can be identified with a positive linear functional on the space C c (g*) of compactly supported continuous functions on g*. Note also that, if A is a neighborhood of 0 in g*, then, as 3 ϩϱ, the sets ⍀ പ ⅐A exhaust all of ⍀ ; thus, (A) 3 ϩ ϱ. Let us now suppose that there exists a function f() such that the functionals f()⅐ ʦ C c (g*)* have a nonzero weak-* limit f 0 ʦ C c (g*)*. By the Riesz representation theorem, f 0 corresponds to a positive Borel measure 0 on g*. We define Q ϭ supp( 0 ), and ϭ 0 ͉ Q . Then, Q is a conical G-invariant subset of g*, and the G-invariance of is automatic because each of the measures is G-invariant.
For simplicity, we refer to the construction described above as the ''scaling construction.'' Because of its ''homogeneous'' nature, it is not surprising that in applying the construction to the computation of spectral asymptotics of Schrödinger operators, one has to require a certain homogeneity condition on the potentials. We say, somewhat imprecisely, that 1.1 is a Schrödinger operator with quasihomogeneous potentials if V(x) and B(x) are quasihomogeneous polynomials of the same weight; i.e., if there exists an n-tuple of positive rational numbers ␥ ϭ (␥ 1 , . . . , ␥ n ) such that for all t ʦ ‫,ޒ‬ t Ͼ 0, and all x ʦ ‫ޒ‬ n , we have V͑t ␥1 x 1 , . . . , t ␥n x n ͒ ϭ t⅐V͑x͒ and B͑t ␥1 x 1 , . . . , t ␥n x n ͒ ϭ t⅐B͑x͒.
We prove that in the quasihomogeneous situation in which the classical formulas of Weyl and Colin de Verdière are applicable, our construction gives the same result as the pushforward construction described above. However, in the intermediate degeneration examples that we have studied, it also produces the ''correct'' measure space (Q, ), even though the pushforward construction no longer applies.
We remark that our scaling construction makes sense for any nilpotent Lie algebra. Indeed, let g be a finite dimensional nilpotent Lie algebra over ‫ޒ‬ and ⍀ ʚ g* a coadjoint orbit. It is known (e.g., see chapter I of ref. 19 ) that ⍀ is a closed (in fact, Zariski closed) submanifold of g*. Moreover, it follows from the explicit parameterization obtained in ref. 20 that there exists a polynomial map : ‫ޒ‬ 2n 3 g*, which is a diffeomorphism onto ⍀, and such that under this diffeomorphism ⍀ corresponds to the standard Lebesgue measure on ‫ޒ‬ 2n . As before, for every Ͼ 0, we define a positive Borel measure on g* as follows:
where meas is the Lebesgue measure. Because is proper, we see that C c (g*) ʚ L 1 (d ) for each Ͼ 0. In particular, we can again identify with a positive linear functional on C c (g*), and the rest of our construction goes through without any changes. It is apparent from the computations of explicit examples that the scaling construction is closely related to the geometry of the embedding ⍀ 3 g*.
The idea of applying representation-theoretic methods to the study of partial differential operators is not new (e.g., see ref. (24) to prove a Weyl-type asymptotic formula for elliptic operators associated to representations of arbitrary nilpotent Lie groups. In refs. 25 and 26, this result was generalized to arbitrary Lie groups (more precisely, to the representations corresponding to closed tempered coadjoint orbits for which Kirillov's character formula is valid). However, note that refs. 23, 25, and 26 use the initial form of the approximate spectral projection method, which requires the high regularity of the symbol. In particular, if a degeneration of any kind is present, this form of the approximate spectral projection method does not work at all. For a general version of the approximate spectral projection method and applications to various classes of degenerate and hypoelliptic operators, see refs. 9, 12, and 13.
Most of the works relating differential operators to representation theory of nilpotent Lie groups deal only with stratified Lie algebras (21, 22) ; i.e., Lie algebras g admitting a decomposition g ϭ g 1 Q g 2 Q ⅐ ⅐ ⅐ Q g s as a direct sum of vector subspaces, such that [g j , g k ] ʕ g jϩk (g j ϭ (0) for j Ͼ s), and g is generated by g 1 as a Lie algebra. However, there are situations in which the Lie algebra arising from a Schrödinger operator with polynomial potentials admits no natural grading. The theory that we develop in section 3 makes no use of a grading on g.
In ref. 18 , we use an example of the Schrödinger operator in 2D with zero electric potential and magnetic tensor b(x) ϭ x 1 2 Ϫ x 2 (this is an example of strong degeneration, and there is no natural grading) to illustrate in detail the use of our conjectural formula. We also study the weak degeneration case for operators without either magnetic or electrical potential and deduce from our conjecture the classical Weyl formula and Colin de Verdière's formula, respectively. In particular, we prove that, in the case of a quasihomogeneous electric potential, the classical Weyl formula holds if and only if the integral in this formula converges, and our general conjectural formula also gives the classical Weyl formula if and only if this condition is satisfied. Last, we consider the Schrödinger operator in 2D with magnetic tensor b(x) ϭ x 1 k x 2 l and zero electric potential. In the case k l, we have the strong degeneration, and in the case k ϭ l, we have the intermediate degeneration. In all cases, we derive the leading term of the asymptotics from our conjectural formula, and we prove them by using the variational method in the form (9, (12) (13) (14) .
The next subsections contain formulations of our main conjectures and statements of several representation-theoretic results that are necessary for the applications of our conjectures and also interesting in their own right. More details and complete proofs are given in ref. 18 .
Preliminary Version of the Conjecture.
Let us now formulate a preliminary version of our conjecture. Let H be a Schrödinger operator (1.1) with discrete spectrum and quasihomogeneous polynomial potentials, and let g ϭ g H be the associated Lie algebra. Because we are interested in (H), we may assume, by Theorem 2.1, that the tautological representation of g lifts to a unitary representation of G on L 2 ‫ޒ(‬ n ); moreover, this representation is then irreducible, from which corresponds to a coadjoint orbit ⍀ ʚ g*. Let ⍀ be the Kostant measure on ⍀; for the precise normalization, see Definition 3.4. Then, we have the ''dilates'' of the measure ⍀ , as defined in section 2: (A) ϭ ⍀ (⍀ പ ⅐A), for every Borel subset A ʕ g*. Furthermore, H naturally defines an element HЊ ʦ U(g) ‫ރ‬ , and the definition of g implies that HЊ is a sublaplacian for g. For any coadjoint orbit ⌰ ʚ g*, we denote by H ⌰ the image of HЊ in the unitary irreducible representation of G that corresponds to ⌰ via Kirillov's theory. By Theorem 2.1, each H ⌰ can be naturally realized as a Schrödinger operator with polynomial potentials. 
The precise relationship of this theorem to our results is explained in detail in ref. 18 . Here, we remark that the explicit formulas for the measure and its dilates obtained in section 3.5 imply that the growth of the measures as 3 ϱ is closely related to the growth of the function G() in Theorem 3.1 for a suitably defined polynomial P(x).
3.3 Precise Version of the Conjecture. We now formulate a more precise form of our conjecture, one that essentially provides a formula for the constant that appears in 3.1. To that end, we introduce the function
It is to be compared with the function ⌿* in refs. 1 and 16 (see 1.6).
If, for example, V ϵ 0 and B(x) grows regularly at infinity, then the terms corresponding to ␣ ϭ 0 dominate both ⌿* and ⌽*, so we see that these two functions have the same asymptotic behavior as ʈxʈ 3 ϱ. However, in general, it may happen that the function ⌿*(x) grows slower than the function ⌽*(x). We keep the same notation and assumptions as in Conjecture 1. In particular, because H has discrete spectrum, both ⌽* and ⌿* tend to ϩϱ as ʈxʈ 3 ϱ, the functions Let us say that h is a polarization of g at f if h is of maximal dimension among the subalgebras of g that are subordinate to f. Then, f,h is irreducible if and only if h is a polarization at f. Moreover, in this case, f,h does not depend on the choice of h, up to unitary equivalence. Also, at every f ʦ g*, there exists at least one polarization. Thus, we write f ϭ f,h for any choice of a polarization h at f. Last, every unitary irreducible representation of G is unitarily equivalent to f for some f ʦ g*, and f 1 , f 2 are unitarily equivalent if and only if f 1 , f 2 lie in the same coadjoint orbit of G.
Let us define the alternating bilinear following form:
Thus, a subalgebra h ʕ g is subordinate to f if and only if h is isotropic with respect to B f . One can prove that h is a polarization at f if and only if h is maximally isotropic with respect to B f as a linear subspace. In particular, all polarizations at f have the
In our situation, we can give an elementary proof of the existence of polarizations of a special form:
Lemma 3.2. Let g, S be as above, and f ʦ g*. Then, there exists a
Let us now fix a subalgebra h ʚ g subordinate to f, but not necessarily a polarization at f, which satisfies the requirement of the lemma:
. . , L N }, and hence, a fortiori, g ϭ h ϩ span ‫ޒ‬ {L 1 , . . . , L N }. After reindexing, we may assume that for some 0 Յ n Յ N, the elements L 1 , . . . , L n form a complementary basis to h in g. (We allow n ϭ 0, which means that h ϭ g.) For every element h ʦ h, let us define a real polynomial p h (x) in n variables x ϭ (x 1 , . . . , x n ) by p h ͑x͒ ϭ ␣1,...,␣nՆ0 The practical applications of this proposition are based on the obvious analogy between 3.4 and the usual Taylor's formula.
Coadjoint Orbits and Kostant Measures.
Let G be any connected Lie group, and let g be its Lie algebra. If f ʦ g*, we denote by G(f) the stabilizer of f in G (with respect to the coadjoint action), and by g(f) the Lie algebra of G(f). If ⍀ ʚ g* is a coadjoint orbit, then for any point f ʦ ⍀, the orbit map G 3 ⍀, g ‫ۋ‬ (Ad*g)(f), identifies ⍀ with the homogeneous space G͞G(f) and, hence identifies the tangent space T f ⍀ with the quotient g͞g(f). The notation is consistent with the one used in section 3. 1. the forms f vary smoothly with f, thus defining a nondegenerate differential 2-form ⍀ on ⍀; 2. the form ⍀ is closed, and thus a symplectic form on ⍀; and 3. the form ⍀ is G-invariant. Definition 3.4: The form ⍀ is called the ''canonical symplectic form'' on the orbit ⍀. The Kostant measure (or the ''canonical measure'') on the orbit ⍀ is the positive Borel measure ⍀ associated with the volume form
(Note that dim ⍀ is even because ⍀ admits a symplectic form.) It is clear that the Kostant measure is G-invariant. In the rest of this subsection, we obtain an explicit parameterization of the coadjoint orbits for the Lie algebras of the type considered in section 2.1, and we derive formulas for the corresponding canonical symplectic forms and Kostant measures. We note that explicit parameterizations of the dual space of a (not necessarily nilpotent) Lie algebra have been studied by various authors (e.g., ref. 29) . More recently, a very fine stratification of g* for nilpotent g has been obtained in ref. 20 . A result from loco citato is used in ref. 18 .
In our subsequent computations (especially the ones that appear in the concrete examples in ref. 18 ), we implicitly use the following
